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1 Introduction 



Stochastic partial differential equations (SPDEs) can be analized by different 
approaches related with the classical deterministic methods. Let us mention 
the variational point of view (^J, ^El; E3) an d the semigroup approach 
(0)j based on analytical methods, and the more genuine probabilistic set- 
ting using stochastic integration with respect to martingale measures ( 26 , 

El)- 

The variational approach leads in particular to a now very complete L%- 
theory (see |19p. However, this theory does not provide with sharp results 
on the properties of the trajectories of the solutions of SPDEs, except in 
the time variable. A more deep analytical insight into parabolic SPDEs 
has been recently given by Krylov and Lototsky, developing an L p -theory 
with p € [2, oo) (see |12| . |13j and the references herein, Jl]). This theory 
allows to obtain properties of the trajectories -both in time and space- quite 
sharp, using Sobolev type imbeddings. Let us point out that in ^2], ^3] the 
coefficients of the differential operator can be random, therefore the theory 
applies to a very general class of equations. In a similar spirit, parabolic 
SPDEs with deterministic coefficients in Holder classes have been studied in 

Id- 

In this paper we study stochastic partial differential equations in the whole 
space M. d , with arbitrary dimension d > 1, driven by a Gaussian noise white 
in time and with homogeneous spatial correlation. The differential operator 
is strictly parabolic with random coefficients, the free terms are random as 
well. Using the analytical approach of (see also we give sufficient 

conditions on the correlation of the noise ensuring the existence of a solution 
with values on some subspace of L p (M. d ), p 6 [2, oo), and then, by means of 
Sobolev type imbeddings, we obtain the existence of a random field, indexed 
by time and space, which is a version of the solution and has its trajectories 
jointly Holder continuous in t, x. 

A similar question using the evolution approach has been addressed in some 
previous articles. In fact, parabolic equations with random coefficients in 
spatial dimension d = 1, driven by a space-time white noise have been 
studied in 2 . The main result is the existence of a continuous random 
field solution to the equation. The mild form of the equation contains a 
stochastic convolution with an anticipating integrand. Therefore, the anal- 
ysis requires tools of anticipating stochastic calculus -a intricate machinery 
based on Malliavin calculus- and needs a strong regularity in terms of the 
random component to. These type of hypothesis can be avoided with the 
analytic approach. In fact, in this situation stronger results are given in |13j . 
Theorem 8.5 and Remark 8.7, where joint Holder continuity is obtained. 
For d > 1 and driving noise of the same kind that the one we are considering 
in this paper, joint Holder continuity for the stochastic heat equation in 
its mild form has been obtained in [221 ■ The result, proved by means of 
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Kolmogorov's continuity criterium, is an extension of the one stated in |2H] 
for d = 1. 

The analytic approach considers the formal SPDE in a weak form (see 
0). Studying the relationship between the weak and the mild formulation 
of the SPDE (see (|24|1 ) gives the possibility of transferring results obtained 
in the analytic setting to the evolution scenary. The last part of the article 
is devoted to this topic, in the particular case where the differential operator 
is self-adjoint and its coefficients are deterministic. In the framework of a 
L2-theory, for a Neumann boundary-value problem with a strictly parabolic 
divergence operator, this question has been studied in \2'A\ . 

2 Some preliminaries and notation 

We denote by V(M. d+l ) the space of Schwartz test functions ([201, page 24). 
On a complete probability space P), we consider a Gaussian process 

{F((p), (f> € T>(W d+1 )}, mean zero, with covariance functional given by 

E{F(4>),F{^)) = [ ds [ T{dx)(<p{s,-)*^{s,-))(x) 
Jm.+ Jm d 

(1) 

= I ds I M(de)^(s,-)(o^(« 5 -)(0- 

In (fTJl. r is a non-negative, non-negative definite, tempered measure, vp(s, x) = 
V>(s, — x), [i is the non-negative tempered measure on W 1 defined by J-~ 1 T, 
where J- denotes the Fourier transform operator. We notice that T is a 
symmetric measure ([201) Chap. VII, Theorem XVII). 
For any test function f,g E T>(M. d+l ), the functional 

Q(f,g)= I T(dx)(f*g)(x) 

m d 

is non-negative and translation invariant, that means, Q(f, g) = Q(T x f, T x g), 
where r x /(-) = /(• + x) (see Gel'fand and Vilenkin |Hj, pag. 169). 
Following Dalang and Frangos [S] (see also Dalang [1]) the process F can 
be extended to a worthy martingale measure in the sense of Walsh. We will 
denote by {F(t, A), t > 0, A G B b (R d )} this extension and by T t the a-field 
generated by {F(s,A),0 <s<t,Ae B b (R d )}. 
Consider the inner product on 2?(]R d ) defined by 

(f,9) H = I r(dx)(f*g)(x). 

Let 7i be the completion of T>(M. d+l ) with respect to the norm derived 
from For any complete orthonormal system (CONS) {ej,j > 0} C 



2 



V(R d+1 ) of 7i, define 

rt 

/0 J~HL d 



W k (t) = f [ F(ds,dx)e k (x), (2) 
JO JR d 



k > 0, where the integral must be understood in Walsh's sense. The process 
{W k (t),t G [0,T],fc > 0} is a sequence of independent standard Brownian 
motions. 

One can check that for any predictable process X, 

/ / F(ds,dx)X(s,x) = J2 / W k (ds)(X(s,-),e k (-)) H . (3) 
Jo JR d ^Zq JO 

In particular, for any (p G T>(Jl d+l ) 

ft r 00 

F(t, 0):=/ / = ^(</»,e fe ) w W fc (t). (4) 

Let p G (l,+oo), n G K and d G N. We denote by fl£ = fl£(R d ) the 
fractional Sobolev space consisting of distributions g on R d such that there 
exists / G L p (M. d ) and g = (1 — A)~~ f. It is a Banach space endowed with 
the norm 

||dL„ = ll(l-AWV 



up' 



where || • || p denotes the usual norm of L p (R ) and A is the Laplacian operator 
on M. d . It is important to notice that || • < || • || miP for n < m; this gives 
rise to the embeddings 

• • • C H™ C Hp C • • • C Lp C • • • C Hp " C H p m C • • • 

When n G Z+, the spaces Hp coincide with the classical Sobolev spaces W™. 
Moreover, the space Cq° of infinitely differentiate functions with compact 
support is dense in each Hp. We refer the reader to and [2^] for an 
extensive account on these spaces. 



3 SPDEs with random coefficients 

In this section, we analyze a parabolic spde, with Lipschitz coefficients, 
driven by a noise F as has been described in Section 2, under the prospec- 
tive of the general theory developed in ^2j, [Ej. More precisely, we exhibit 
a relationship between the covariance measure T and a fractional differen- 
tiability degree rj leading, a.s., to jointly continuous solutions in time and in 
space. 

The results might be considered as a complement of those in Section 8.3 in 
[T5| . where the spatial dimension is d = 1 and the driving noise, white in 
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time and in space. Their proof consists in showing that the assumptions of 

Theorem 5.1 in ^3] ( see a ls° Theorem 3.6 in |12j ) are satisfied. 

For the sake of completeness, we start by quoting some basic material from 

na, Ha. 

Consider a fractional Sobolev space H™, with fixed p G [2, oo), n G M. For 
any u G , (j) G Cg°, we define 

(u,<f>) = [ [(1 - A)"/ 2 u](x)[(l - &)- n ' 2 (t>}{x)dx. (5) 

JWL d 

Let r be a stopping time with respect to (^i)t>o and V be the predictable 
ex-field. Set M"(r) = L p (]0,t], V, Hg), H™ := M"(oo). The spaces H£(r) 
are a kind of stochastic fractional Sobolev spaces. 
We also introduce the following notation: 

(/, g) G J?(t) if and only if f G H«(r), g G H" +1 (r, Z 2 ), and we 
set ||(/,5)lk«(r) = II/IIh»(t) + Iblle; i+1 (r,i2) 

where H™ +1 (r, I 2 ) correspond to the space of square summable sequences of 
elements of H" +1 (r). We denote by (w k (t),t G [0,T],k > 0) a sequence of 
independent standard Wiener processes. 

Definition 1 ( Definition 3.1, )13^ ) For a distribution valued function u G 
n T >oHI£(T AT), we write u G H™(t) if 

u xx G M"- 2 (r), n(0, •) G L p (Q, F , H^) 
and there exists (/,<?) G .F™~ 2 (t) such that, for any G Cq°, the equality 

i-t 00 

(u(v)» = Mo, •),</>)+ / + £ / ^ fc (^)(/( s , •),</>) 

Jo j^Jo 

holds for all r a.s. 
We set 

IMI«2(r) = IK*II H £- 2 (t) + ll^'^)ll^r 2 M + ^H°'"C-2/ PlP ) 1/p - 

Let us recall the result on existence and uniqueness of solution for stochas- 
tic partial differential equations of parabolic type driven by a sequence of 
independent Wiener processes. First, we introduce some notation, then the 
assumptions and finally, the statement. 

Fix n£l and 7 G [0, 1[ be such that 7 = if n = 0, ±1, ±2, . . .; otherwise, 
7 > and is such that |n| + 7 is not an integer. Define 

( B(R d ) ifn = 

B \n\+l = l C |n|-l,l( K d) if n = ±i,±2,... 
[ CH+7(]f^) otherwise , 
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where B(M d ) is the Banach space of bounded functions on M. d , C' n ' _1,1 (]R a! ) 
is the Banach space of |n| — 1 times continuously differentiable functions 
whose derivatives of (|n| — l)-st order are Lipschitz; Cl n l+7(R d ) are Holder 
spaces. The spaces are defined in the obvious way. 

Consider the following equation on ]0,rj: 



du(t,x) = a l ' J (t, x)u x i x j(t, x) + f(t, x,u) 
+g k (t, x, u)dw k . 



dt 

(6) 



Notice that, in comparison with equation (5.1) in Krylov ^Hl) we take here 
a ik = 0. 

By a solution to the Cauchy problem for equation © with initial condition 
uq, we mean a stochastic process u G TLp +2 (r) such that for any test function 

(u(t, ■),<!>) = (u(0, •), 4>) + / ds{a h] (s, -)u^ x] {s, •) + f(s, ;u),<j>) 

Jo 

+ f w k (ds)(g k {s,;u)A)^ (7) 
Jo 

for all t G [0,rj. 

Assume the following conditions on the differential operator and on the 
coefficients of the equation: 

(Al) For any i,j = 1, . . . , n, 

a ij ' :!lxl + xl d — > M 

is P (8> /B(M a! )- measurable. For any a; € 0, a.s. and t > 0, we have 
a^(t,-) G BH+T and ||a iJ (*> OIIbN+7 < K- Moreover, there exist 
K, 5 > 0, such that for any u G t > 0, x, A G R d , 

<5|A| 2 < a i ' i (f,x)X i X i < K|A| 2 . 

(A2) For any u G B™ +2 , f(t, •, u), •, tt) are predictable processes taking 
values in H™ and B™ +1 (/2), respectively. 

In addition, 

1. (/(•,*, 0), 9 (-,*,0)) e^(r), 

2. /, 5 are a.s. continuous in the third variable u; 

3. for any e > 0, there exists K £ such that for any u,v G Hp +2 , 
t > 0, 

-/(*>->v||n,p+ llffC*,'^) •,w)l|n+l,p 
< e||lt - u|| n +2,p + #e||li - v||n,pj 

a.s. 
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The next result is a particular version of Theorem 5.1 in ^ 

Theorem 2 Let uq € L p (Q,J-o, Hp +2 2 ^ p ). Then the Cauchy problem JQj 
on ]0, r] with initial condition u(0, •) = no /tas a unique solution u G 
H" +2 (r). 27ns solution satisfies 

\H\ n n+2 {T) < n { || /(•,*, o)|| H £ (t) + lb(-,*,o)|| e n+i (T)i2) 

+(^ll«of n+2 _ 2/p , p ) 1/p }, 
where the constant N depends only on d, n, 7,p, 5, K, T and the function K £ . 
Consider now the equation 

du(t,x) = [a M (t,x)u x i x j(t,x) + b\t,x)u x i(t,x) 

+ f(t, x, u(t, x))] dt + h(t, x, u(t, x))F(dt, x), (8) 

with initial condition u(0,x) = uq(x), where t € M+, x € M. d and F is 
the Gaussian process introduced in the preceding section. The coefficients 
/, h are random real functions defined on ]0, r] x M. d x M. Under suitable 
assumptions, we shall prove that this equation can be set in the framework 
of Theorem |21 and deduce Holder continuity of the trajectories of its unique 
solution. 

Let us write (jHJ) into the form Q. We consider a CONS {ej,j > 0} of 7i. 
We have, 



(h(t,-,u),e k ) H = / T(dx)(h(t,-,u) *e k )(x) 

= dy h(t,y,u) T(dx)e k (x - y), (9) 

where in the last equality we have applied Fubini's theorem. 

Therefore, the term h(t, x, u(t, x))F(dt, x) can be rewritten as g k (t, x, u(t, x)) 

W k {dt) with 

g k (t,x,u(t,x)) = h(t,x,u(t,x)) / T{dy)e k {y - x), 

jR d 

and W k defined in © (see ©). 

Indeed, in the integral formulation, the contribution of the last term in (jHJ) 
is, for 4> £ Cq , /q J Rd F(dt,dx)4>(x)h(t,x,u(t,x)). By virtue of (J3J) and @, 

oo „ t 

F(dt,dx)<f>(x)h(t,x,u(t,x)) = ^ / W k {ds) (h(t, •, u(t, •))</>, e k ) n 

fc=0' " 

oo rt 







]T / W k (ds) [ h(t,y,u(t,y))<f>(y) ( [ T(dx)e k (x - y) 

jZT Q JO JR d \JR d 

f; f W k (ds) (h{t, ■, u(t, •)) I T(dx)e k (x - •), 
t< JO V JR d 
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where (•, -)2 denotes the inner product in L 2 (R d ). 
Set 

Vk{x) = I T(dy)e k (y - x). 

JR d 

The following lemma provides a useful tool to apply Theorem El to equation 
(JSJ), where h(t,x,u(t,x))F(dt,x) is replaced by g k (t,x,u(x,t))W k (dt). 
For any r/ > 0, we denote by R Vt d(x) the kernel of the operator (1 — A) _,? / 2 
on R d , that is, 

"(1 - A)-"/ 2 u] (x)=R V}d *u. 

It is well known that 

R v ,d(x) = C v d\x\ ^ifd-a 

2 

where C^^ is the reciprocal of 7r d / 2 2( d+7?— 2 )' 2 r(^) and is the modified 
Bessel function of the third kind (see [0]). Notice that R n ^{x) is a radial 
function and that 

for any 771,7/2 > 0. Hence, 

*V := ||#n,dllw = / r(daj)i? 277 ,d(a;). (10) 
Lemma 3 Lei 77 G (0, 00), (f € N &e such that 

V v ,d = \\Rri,d\\H < 00 • ( n ) 

Let /» G L p (R d ), 5 fc = u fc /i. Then g = {g k , k > 0} € Hp(l 2 ) and 

\\g\\- v , P = \\h\\ P <C\\h\\ p , (12) 



with 



h(x) = \\R v ,d{x - -)h\\ 



H 



and C = v]j 2 d . 

Proof. Fubini's theorem and Parseval's identity yield 

00 

||(1 - A)^/ 2 5 (x)|| 2 2 =£((1- A)-"/ 2 / (* 

fc=o 

00 

= ]T((^, d *(7; fc /i))(*)) 2 

fc=0 

= J2\ d y R vA x ~ V) ( / r(cfe)e fc (z - y) ) %) 

= ( / r ( dz ) ( / dyRqjix - y)h{y)e k {z - y) 

f]( [ T(dz)(R v4 (x--)h*e k )(z) 

ZZn \JR d 



k=0 

00 



£ (Rr,j(x - -)h, e k ) 2 n = \\R v , d (x - >||^. 

fc=0 
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Therefore, 
llsll— v,p 



l-A)-^g\\ Lp(h) 
dxWRq^x — -)h 



dx\\{l-A)-^g(x)\\l 



1/p 



The second part of (|T2|) is a consequence of Holder's inequality. Indeed, first 
we notice that, since T is translation invariant, 



v v ,d = \\Rv4\\h = \\Rn,d( x "Oil 



(13) 



Then, 



dx 



dx\\R v>d (x — 

T(dy) I dzR V)d (x - (y - z))h(y - z)R v4 (x - z)h(z) 



< i dxiWR^ix - ) 

T(dy) / dzR Vyd (x - (y - z))R V)d (x - z)\h(y - z)h(z)\ 



Thus, Fubini's theorem and Schwarz's inequality and the invariance of 
Lebesgue measure imply 



— £-1 

\h\\P < ,/2 
\ n \\p - U rj,d 



dx dz T(dy)R Vtd (y - z)R rj4 {z) 



x \h(y — z + x)\ 2 \h(z + x)\z 
< <t I r W ( R v4 * Rn,d) (y) 
x ( / dx\h(z + x)\ p 



dx\h(y - z + x)| p ) 



- %,d\\ n \\p- 
This completes the proof of the lemma. ■ 

Remark 4 Let T(dx) = o~{o}(x) and thus, \\ ■ ||^ = j| • ||2- In this particular 
case ilfy) has been obtained in Lemma 8.4 of Krylov jiffl . 

Proposition 4.4.1 in ^S] establishes that, if 

(1 + iei 2 )" 

then (fTTj) holds true. 



< +00. 



S 



The behavior of the Bessel function K v is well-known (see for instance 
Donoghue 6 ). In fact, in a neighborhood + of 0, 

{log(r) , if v = 0, 
r-M , if v ^ 0. 

While away from zero, 

This leads to the following conclusions, which have already appeared in 
previous discussions on different classes of spde's (for instance, in |2j, [PH]). 

1. Assume < r\ < f. Then 

iW < +oo <^> / |xj 2?? ~ d r(dx) < +oo. 
JO+ 

2. Let 7/ = f . Then 

V v d < +00 <^ / Ixl -2 ^ log [ -p- r | T(dx) < +00. 

Jo+ \\x\J 

3. If rj > t[. Then ^ ^ < +oo, without any additional condition on T. 

Example 5 (Riesz kernels): SetT(dx) = \x\~ a dx, with a G (0, d). Then, 
for -q G (0, 5], 1^ < +00 j/ and only if a G (0, 2rj Ad). 

Let us now introduce the set of hypotheses to be assumed in order to prove 
existence and uniqueness of solution for (jHJ) and Holder properties for its 
paths. Given 71,72 > 0, we denote by C 7l ' 72 ([0,t] x R d ), the space of real- 
valued functions defined on [0, t] x M. d , jointly Holder continuous of order 71 
in its first variable and 72 in its second one. 

(HI) For any i, j = l,--- ,n, a** ,tf : Q x M+ x M d -> R are V <g> B(M e! )- 
measurable such that, for any lu G f2 a.s. and i < 0, a l ' 3 (u;, f, •) G 
C a (M d ), a G (|,2), 6*(w,t,-) G C ' 1 ^), and 

sup[||a(t, -)||c« + IIKV)||c<m] < 

There exist -ftT, 5 > 0, such that for any a.s., t > 0, x, A G M. d , 

5\X\ 2 < a l ' j (t,x)X l X j < K\X\ 2 . 

(H2) f,h:flx M + xl d xK^M are such that, for any x and u, /(•, 2, u), 
h(-,x,u) are predictable and 

sup [|/(^ ^) w) — f(t, x, v)\ + \h(t, x, u) — h(t, x, v)\] < k\u—v\, 
(oj,t,x)enxR + R d 

for some positive constant k, a.s. 
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We recall that, for a G (§,2), C a is the space of continuously differentiable 
functions whose partial derivatives of first order are {a}- Holder continuous, 
where a = [a] + {a}, [a] meaning the integer part of a (see (2SJ); C 0,1 is the 
space of Lipschitz continuous functions. 

In the proof of the next theorem we will use the following Remark 5.5 of 
H3|: 

For any u G H™ +2 , m G [n, n + 2] and e > 0, we have 

\\u\\m,p < AT 1 1 U 1 1 n+ 2 lP IM In,/ 



where 



< N9e\\u\\ n+2 ,p + iV(l - 0)e i-« ||«|| ntP , 
m r n and iV depends only on d, n, m and p. 



In the following theorem r denotes a fixed stopping time with respect to the 
filtration {jF t , t > 0} defined in Section 2. 

Theorem 6 Suppose that there exists r\ G (^, 1) suc/i that 

v v ,d = \\Rv4Wh < +°°- 

VFe afeo assume that, for some p G [2,+oo) i/ie following conditions are 
satisfied: 

(a) n GL p (^,^o,^r^a 



(b) 



F(r) 
where 



E 



dt{\\f(t,-,0)\\ P -l-r,,p + \\Ht,-,0)\\ P P 



< +oo, 



/i(t,x,0) := ||i?„ jd (x--)/i(t,-,0)|| 



(14) 



(15) 



Then, in the space Til v (t), equation J3J) with the initial condition uq ano 
coefficients satisfying (H1),(H2) posseses a unique solution u. Moreover, 



\ U WhI-\t) 



< C (l(r) + (E{ 



1—77— - ^ 



(16) 



where the constant C depends on n, d, a, p, 5, k and r . 
In addition, if conditions (a), (b) are satisfied for any p > 2 then, the trajec- 
tories of u belong to the space of Holder continuous functions C 7l ' 72 ([0,r] x 
R d ), a.s. with 71 G (0, i^2), 72 G (0, 1 - rj). 
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Proof. 

The existence and uniqueness of solution will follow by applying Theorem [21 
to 

f(t,x,u) := b % {t,x)u xl {t,x) + f(t,x,u(t,x)), 

g k (t,x,u) := h(t,x,u(t,x))v k (x), 

and by taking n = — (1 + rj). In fact, we will check that the hypotheses (Al) 
and (A2) are satisfied. 

Since n G (—2, — I), we shall consider as space B^ +ry , with 7 > and jnj +7 
not an integer, the space C a (M d ), with a G (|,2). 

Set f(t,x,u) = b l (t,x)u x t{t,x) + f(t,x,u(t,x)); we have to check the follow- 
ing conditions for n = — (1 + rf) (see Assumption (A2) before): 

(1) For any u G HI} +2 , {f(t, -,u),t > 0} is a predictable process with values 

on Hp. 

(2) /(•, *, 0) G H™, a.s. 

(3) / is a continuous function in u a.s. 

(4) For any e > 0, there exists K £ such that, for every u, v G Hp +2 ,t,co, 

\\f(t, -,u) - f(t, ;v)\\ n>p < e\\u - v\\ n+2 ,p + K £ \\u - v\\ n #. 

The predictability of / clearly follows from the same property of b and /. 
Let u G Hp +2 ; then u x i G H^ +1 . Notice that, since |n + l| G 1), the space 
^|n+i|+7 coincides with the space of the a-H61der continuous functions for 
some a G (0, 1). Since C°- 1 (IR d ) C C a (R d ), Lemma 5.2 in Krylov [E] applied 
to b and u yields 

< +00. (17) 

Thus G H£. 

Moreover, mEI p and the Lipschitz condition of / with respect to u implies 
/(it) - /(0) G L p C H r p l . By JHJ), /(*,-, 0) G H% a.e. on ]0,r]. Therefore, 
(2) holds. In addition 

\f(t,; U )\<k\ U \ + \f(t,;0)\. 

This proves f(t, •, u) G H™ and thus f(t, -,u) G as well. 
Since n < —1, applying again Lemma 5.2 in j 1 3 j . we have 

||6 l Ti a .i|| n p < H^ttg-s ||_i p < \\b\\co,i \\u x i p 

(18) 

< k ||u|| p = i<r||'u|| ?l+ 2+7 ? _i ) p, 
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where in the last identity we have used that n + 2 + ij — 1 = 0. This fact, 
together with the Lipschitz property of / with respect to u, prove (3). 
We also have 

\\f(t,; U )-f(t,;V)\\ n>p < \\f(t,; U )- f(t,;v)\\ p <K\\ U -v\\ p . (19) 

Then 

\\J(t,;u) -J(t,;v)\\ n , p < A + B, 

where 

A = \\f(t,;u) - f(t,;v)\\ n>p <K\\U-V\\ p , 

B = \\b l u x i — b l v x i [| njP < K\\u — v 
by and (|18|). respectively. 

We now apply the above quoted Remark 5.5 of Krylov JHj to m = n + 2 + 
77 - 1 = 0. Notice that 6 = -f > 0, 1 - 9 = 2±n > 0', = < °- 

This yields property (4). 

Concerning the coefficient g(t,x,u) = {h(t, x, u(t, x)vk{x)}k>o we have to 
check first of all that, for any u € Hp +2 , {g(t, -,u),t > 0} is a predictable 
process with values on Hp +1 (l2). This is a simple consequence of the fact 
that h is predictable and Vk(x) is deterministic. Moreover, since h is Lips- 
chitz, it is immediate also to prove that g is a.s. continuous in u. 
Let us now prove that g(-,*, 0) G M™ +1 (r,/ 2 ). Since n + 1 = -rj, LemmaEl 
yields 

\\g(t, ;u)\\ n+1>p < \\g(t, -,u) - g(t, -,0)|| n+ i iP + \\g(t, -,0)1^+1^ 

< \\h(t,; U )-h(t,;0)\\ P + \\Kt,;0)\\p 

< \u\ + ||/i(t,-,0)|| p < +00. 

and 

\\ 9 (t,;0)\\ n+1>p = \\h{t,;0)\\ p , 

with h(t,-, 0) defined in (JEJ). Thus 

\\g(t,;0)\\ P K+1{TM =E(J Q T \\g(t,*,0)\\ p n+lip dt) 

= E[f \\h(t,*,0)\\ P p dt) <+oo, 
by CU) and we obtain g(;*,0) G M^ +1 (r,/ 2 ). 

It remains to check that for any e > 0, there exists a constant K e such that, 
for any u, v G Hp +2 ,t, u, 

Wait, -,u) - g(t, •,u)|| n+ i iP < e\\u - v\\ n+ 2, p + K e \\u - v\\ n>p . 
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Applying again Lemma |31 and the Lipschitz property of h, yield 
\\g(t,;u) - g(t,;v)\\ n+ i >p < C\\h(t,-,u) - h(t,-,v)\\ p 

< K\\u - v\\ p = K\\u - v\\ n+ 2+ v -i, p . 

Then the above property follows, as for /, from the above-mentioned Remark 
5.5 in H3J. 

This finishes the proof of the existence and uniqueness of solution for equa- 
tion (jSJ) in the space Hj^Cr), and of the bound (p|) . 

Let us now check the Holder continuity of the trajectories of the solution, 
in a similar way as in Remark 8.7 in [13]. Let p > 2, \ > (3 > a > |. Then 
by Theorem 7.2 in ^3], a.s. 

ue C«- 1 /P([o, r ],flJ- , »- 2/ '). 

The space Hp~ r >~ 213 is embedded into C(R d ) for 7 < 1—77—2/3—-, whenever 

(see for instance Theorem E.12 of J2JJ)- Thus, taking p 
big enough and a, (3 small, we prove that u is 72- Holder continuous in x, 
with 72 < 1 — 77, uniformly in /;. On the other hand, the conditions j3 < |, 
1 — 77 — 2/3 — I >0 are simultaneously satisfied for 79 big enough whenever 

(3 < A \ = ^p-- Thus 7j is Holder continuous in t of order 71 < i^ 2 , 
uniformly in x. 

This finishes the proof of the theorem. ■ 

Remark 7 The assumptions of Theorem 03 ensuring Holder continuity are 
satisfied if, for instance, uq(uj, •) is a.s. a C°° function with compact support 
and f(t,x,0) = h(t,x,0) = 0. 

4 Mild formulation: results on the existence and 
uniqueness of a solution 

In this section we consider the formal expression ([5jl. but now, we assume 
that the coefficients a, b are deterministic. More precisely, we fix a finite 
time horizon T > and we assume the following set of assumptions: 

(HI') a^',6» : [0 1 T]xl l, ^R, !,j = l,...,d are f -Holder continuous in 
t G [0, T], a-H61der continuous in x € M. d , for some a G (0, 1). In 
addition, for any A E there exist K, 6 > such that 

5|A| 2 < a i ' j (t,x)X i X j < K\X\ 2 . (20) 
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(H2') /, h : Q x [0, T] x R d x R -> R are such that, for any x G R d and u G R, 
f(-,x,u), h(-,x,u) are predictable processes satisfying the Lipschitz 
condition 

sup - + |/i(t,x,u) - 

(tj,t,x)6r2x[0,T]xK d 

< k\u — v\, 
for any u, v G R. 

Following classical approaches on spde's, one can think of equation (jSJ with 
the initial condition u(0,x) = uq(x) as a stochastic Cauchy problem 

Cu(t, x) = f(t, x, u(t, x)) + h(t, x, u(t, x))F(dt, dx) 

(21) 

u(0, x) = uq(x) 

where £ is the second order operator with coefficients depending on t and 
x, acting on functions defined on [0, T] x R d , given by 

£ = §- t - E a i ^t,x)d 2 XiX .-J2b%x)d Xi . (22) 

By virtue of (|2fl|) the operator £ is uniformly parabolic in [0, T] x R rf (|15j. 
page 11)). 

Let G(t, x; s, y) be the fundamental solution of Cu = 0. G is a function de- 
fined on [0, T] x R d x [0, T) x R ' n {(s, t) : < s < f < T}. Under the above 
assumptions on the coefficients of C, G is continuous in all its variables and 
for any fixed s G [0, T],y G R d , (?(•,*, ;s,y) is twice continuously differen- 
tiable in x, once continuously differentiable in t and satisfies the estimates 

\d^G(t,x;s,y)\<C(t-s) ^exp(- C L_^j (23) 

where \i = (/ii, . . . , fj,d) G N d , v G N, + 2v < 2, with |/i| = J2j=i ( see 
(13.3), page 376 in |15j). Moreover, G is a positive function (Theorem 11 in 
0). 

Let us now introduce the notion of mild solution. A predictable stochastic 
process {u M (t, x), (t,x) G [0, T] x R d } is said to be a mild solution to the 
stochastic Cauchy problem 1)211) if it satisfies the equation 

u M (t,x) = f dyG{t,x;0,y)u {y) 
Jm d 

+ f f F(ds,dy)G(t,x;s,y)h(s,y,u M {s,y)) 
Jo Jm d 

+ fdsf dyG(t,x; S ,y)f( S ,y,u M (s,y)). (24) 
JO JR d 
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Notice that, in order to give a rigourous meaning to equation (|24[). we must 
specify the space where the solution belongs to. 

Using the CONS {ek,k > 0} of TC introduced in Section 2, the stochastic 
integral in (|24|) can also be written as 

£ / W k (ds)(G(t,x;s, -)h(s, ;u M (s,-)),e k ), 
with W k (t) = J* / Rd F(ds, dy)e k (y). 

In the sequel, we denote by Go(t,x) the d-dimensional Gaussian density, 
zero mean, with variance tld n . Notice that (j2^ implies 

\G(t,x;s,y)\ = G{t,x;s,y) < CiG (C 2 (t - s), (x - y)), 

for some positive constants C\,Gi. 

For any p £ [2, 00), let *B P be the Banach space of real- valued predictable 
processes such that 

sup E(\u(t,x)\ p ) < 00. 

(t,x)<=[0,T]xK d 

Theorem 8 Fix p £ [2, 00). Assume (HI'), (HSf) and 

F ds sup E(\h(s,y,0)\ p + \f(s,y,0)n < 00. (25) 



Suppose also that ||«o||oo < C and moreover, 



1 + 



< 00. (26) 



Then, there exists a unique stochastic processes {u M (t, x), (t, x) £ [0, T] x 
W*} belonging to B p and satisfying \2J$ . 

Proof. Following classical ideas (see e.g. |2Hj). we show that the map 
Tu(t, x) = \ dyG(t, x; 0, y)u (y) 

JM. d 



+ / / F(ds,dy)G(t,x;s,y)h(s,y,u(s,y)) 
Jo JR d 



+ ds dyG(t,x;s,y)f(s,y,u(s,y)) (27) 

Jo JR d 

possesses a unique fixed point in B p . 

First, we show that (|27|) defines a map T : B p — > Indeed, 
£(|Tu(t,x)| p ) < clT^x) +T 2 (t,x) +T 3 (t,x)), 
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with 



Ti(t,x) = 
T 2 (t,x)=E 
T 3 (t,x) = E^ 



dyG(t,x;0,y)u (y) 
t 



[ [ F(ds,dy)G(t,x;s,y)h(s,y,u(s,y)) 

JO JR d 

I ds / dyG(t,x;s,y)f(s,y,u(s,y)) 
JR d 



Clearly, 



sup Ti(t,x) < \\u sup 

(t,x)e[0,T]xR d (t,x)€[0,T]xl 

Notice that 



/ G(t,x;0,y)dy 



< oo. 



/ T(dz) (G (t - 8 ,x--)*G (t-s,x- •)) (z) 

jR d 

= fdsj M)\FGo{s, •){£)? < [,T^2<^ 

JO JR d JR d 1 + |?| 

which implies 

f ds I F(dz)(G(t,x;s,-)*G(t,x;s,-)){z) 

Jo t JR d 

< [ ds [ F(dz) (G (t-s,x--)*G (t-s,x--))(z) 

Jo s JR d , 

< f dsf J^)<oo. 



JR d 1 + \C\ 2 



Consequently 



sup ds T(dz)(G(t,x; s, ■) * G(t,x;s,-))(z) 
i<t<TJo JR d 



< oo. 



0<t<T. 

Burkholder's and Holder's inequalities yield 



T 2 (t,x)< E(fds( Y(dz) f dyG(t,x;s,y)h(s,y,u{s,y)) 

Wo JR d JR d p 

xG(t, x;s,y- z)h(s, y - z, u(s, y - z)fj 2 

t -— l 

< ^jf ds J d T(dz)(G(t,x;s,-)*G(t,x;s,-))(z)y 2 

x ds T(dz) / dy G(t,x; s,y)G(t,x; s,y — z) 
Jo JR d JR d 

xE(\h{s,y- z,u(s,y- z))\^\h(s,y,u(s,y))\^y 
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Hence, by virtue of (|28|) . (|29|) and the Lipschitz continuity of h, we obtain 
sup T 2 (t,x)<C sup f ds sup E (\u(s,y)\ p + \h(s,y,0)\ p ) 

(t,x)e[0,T]xR d (t,x)£[0,T]xR d JO V 



x / T(dz) Go(t — s, x — •) * Go(t — s, x — •) < oo, 



sup Ts(t, x) < oo. 

(t,x)e[0,T]xR d 



Similarly, 



Therefore Tu(t,x) belongs to the Banach space B p . 

To conclude the proof, one can follow the arguments of the proof of Propo- 
sition 3 in [23] (see also the end of the proof of the next theorem) . 
■ 

In order to compare mild and weak solutions, we need a new version of 
existence of mild solution. 



E 



ds(\\h(s r ,o)\\ p P + \\f(s,y,o)\\ 



Theorem 9 Fix p £ [2, oo). Assume (HI'), (HSl ') and 

f 

lo 

Suppose also that uq € L p (M. d ) and 



< oo. 



(30) 



< oo. 



Then, there exists a unique stochastic process {u M (t,x), (t,x) £ [0, T] x 
that belongs to L p (Q x [0, T]; L p (M, d )) and satisfies \2J$ - 

Proof. We shall divide the proof into two steps, proving first that the map 
defined by (J27J) on L P (Q x [0, T]; L p (R d )), takes values on the same space 
and secondly, that this map is a contraction. 
Step 1: Let u 6 L p (n x [0, T}; L p (R d )); then, 

E (j*dtJ dx\Tu(t,x)\A < C(r!+T 2 + T 3 ), 



with 
Ti 

n 



dt / dx 



dyG(t,x;0,y)u (y) 



dt / dxE 



fT 



dt / dxE 



JR d 
t 



F(ds, dy)G(t, x; s, y)h{s, y, u(s, y)) 



ds / dyG(t,x;s,y)f(s,y,u(s,y)) 
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Holder's inequality, the properties of G and Fubini's theorem yield 



Ti <[ dt [ dx([ dyG{t,x;0,y)Y [ dyG(t,x;0,y)\u o (y)\ 

JO JR d \JR d J ^ JR d 

< sup (/ dyG(t,x;0,y)) f dt f dy\u (y)\ p 

(t.x)c\Q.T]xR d \JlSL d / JO JWL d 



(t,x)£[0,T]xR d 

x / dxG(t, x; 0, y) 



<C sup (f dyG (t,x-y)) \\u \\ p p < oo. 

(t.x)G\0.T]xR d \J«- d / 



(t,x)e 

(31) 

To deal with T2, we apply Burkholder's inequality, then Holder's inequality; 
we obtain 

T 2 <C { dt { dxE( [ ds { T(dz) [ dyG(t,x;s,y)h(s,y,u(s,y)) 

Jo JR d Jo JR d JR d 

E 

x G(t, x;s,y- z)h(s, y - z, u(s, y - z))) 2 



<C [ T dt { dxE( C ds { T(dz) ( dyG (t-s,y 

Jo JR d Jo JR d JR d 

E 

x G (t - s,y - z- x)\h(s,y,u(s,y))\\h(s,y - z,u(s,y - z))\) 2 
<C [ T dt [ dx( f ds { T(dz)(Go(t-s,--x)*G (t-s,--x))(z))2~ 

Jo JR d Jo JR d 

x ds T(dz) / dyGo(t — s,y — x)Go(t — s,y — z — x) 
Jo JR d JR d 

x E(\h{s,y,u(s,y))\2\h{s,y - z,u{s,y - z))|$). (32) 
Then, owing to (J2HJ) , 

T2 < C dt dx ds T(dz) / dyGo(t — s,y — x)Go(t — s,y — z — x) 
Jo JR d Jo JR d JR d 

xE (\h(s,y,u(s,y))\2\h(s,y - z,u(s,y - z))\- 



x 



Since the covariance functional is translation invariant, the last expression 
is bounded by 



C dt dx ds T(dz) / dyGo(t — s,y)Go(t — s,y — z) 
Jo , JR d Jo JR d JR d 

xE [\h(s, y + x, u(s, y + x))\ 2 \h(s, y — z + x, u(s, y — z + x)) \ 2 J . 
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Applying Fubini's theorem and Schwarz inequality yields 

T 2 <c[ T dt[ dx [ t ds [ T(dz) [ dyG (t - s,y)G (t - s,y - z) 
Jo JR d Jo Jm. d JR d 

V P 

x E(\h(s,y + x,u(s,y + x))\ 2 \h(s, y — z + x,u(s,y — z + x))]*) 
<C [ T dt C ds [ T(dz) [ dyG (t - s, y)G (t - s,y - z) 



x E{ dx\h(s,y + x,u(s,y + x))\ p ) 



x E( / dx\h(s, y — z + x, u(s, y — z + x))\ p ) 
C f dt f dsE{ f dx\h(s,x,u(s,x))\ p ) 



T(dz)(G (t - s, •) * G (t - s, -))(z) (33) 

where the last identity holds by the translation invariance of Lebesgue mea- 
sure. 

The Lipschitz continuity of h yields 

E Qf ^ dx\h(s, x, u(s, x) P>) < CE (\\u(s, -)\\p + \\h(s, -,0)\\f) (34) 
Hence, by and (I3U1). 

T 2 < C 1 J^dtj*dsE{\\u(s,-)\\P)+C 2 J^dt J*dsE(\\h{8,;Q)\\$) 

< Cl|| n llL p (nx[0,T];Lp(IR d )) + ^3- 



(35) 



The analysis of T3 is simpler. Indeed, Holder's inequality implies 

T3 < / (it / dx [ ds dy G(t, x; s, y) ) 
JO J«. d \Jo JR d ' J 

x f ds f dyG(t,x;s,y)E(\f(s,y,u(s,y))\ p ) 
Jo JR d 

<C I dt f dx [ ds f dyG(t,x;s,y)E(\f(s,y,u(s,y))\ p ) 
JO JR d JO JR d 

since 



0<s<t<T,x 

Then, Fubini's theorem yields 



sup / dy G(t, x; s, y) < 00. (36) 

t<T,xeR d J^ d 



T 3 < Cf dt f ds f dyE(\f(s,y,u(s,y))\ p ) f dxG(t,x;s,y) 
Jo„ Jo JR d JR d 



< C F dt I ds I dyE(\f(s,y,u(s,y))\ p ). 



Jo 



19 



The estimate (|3i|) with h replaced by / and (f30|) imply 

T 3 < cJ^dt^ds{E(\\u(s,-)\\P) + \\f(s,-,0)\\ P P } (37) 

< Cl||' u llLp(Qx[0,T];Lp(M d )) + C*4- 

Then, (f5T |) . pHl and lEiTj) give 

ll^" u llL p (nx[0,T];Lp(IR d )) < Cl II - " IIl p (Qx [0,T];L p (R d )) + ^2- 

This completes the proof of Step 1. 

Step 2: The mapping T has a unique fixed point in L p (Q x [0, T]; L p (R d )). 
Indeed, let Ui,«2 € L p (r2 x [0, T]; L p (M d )). Proceeding as in Step 1 and by 
virtue of the Lipschitz property of / and h, we obtain 

\\Tui - Tu 2\\ P Lp{nx[0:t] . Lp(Rd)) - Cl J Q ds W Ul ~ U2 WL p (nxlO,s};L p (R d ))i 

for any < t < T. 

Consequently, for N big enough, the N-th iterate of T is a contraction on 
L p (Ox [0,T);L p (R d )). 



5 Equivalence between weak and mild formula- 
tions 

We devote this section to study the relationship between the notions of 
solution introduced previously, for some particular classes of spde's. As a 
consequence, we deduce path properties of the mild solution. We start by 
giving an equivalent weak formulation. Then, we compare the weak and mild 
formulation when the differential operator is self-adjoint and has nonrandom 
coefficients. 

Let us consider equation (jSJ written in terms of the sequence {W k ,k > 0} 
of independent Brownian motions, that is 

du(t,x) = [a 1 ' 1 (t,x)u x i x j(t,x) + b l (t,x)u x i(t,x)] 

+ f(t, x, u(t, x))dt + g k (t, x, u(t, x))W k (dt), (38) 

t £ [0, T], with initial condition u(0, •) = no- 

We have proved in Theorem the existence of a unique function-valued 
stochastic process {u(t),t € [0,T]} satisfying 

(u(t, -),4>) = (u ,4>) + f ds(a h3 (s,-)u x i x j(s, •) + (tf(s,-)u x i(s, •),<£) 
Jo 

+ f ds(f(s, ■, u(s, •)), 4>) + f W k (ds)(g k (s, ;u(s, •)),</>), (39) 
Jo Jo 
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for all 4> € Co°(lR' i ), with the pairing (•, •) given in ([5]>. We shall say that the 
process n is a weak solution of equation (|39|) . 

The next proposition establishes the equivalence between testing against 
functions depending on x and functions depending on t and x. To fix the 

12 A 

notation, denote by C t ' x . the space of functions /: [0,T] xR ->R of class 
C 1 in t, C 2 in x, with compact support. 

Proposition 10 We assume that the assumptions of Theorem are sat- 
isfied. The stochastic process u is a weak solution if and only if for any 

1 2 

function $ £ C t ' x . , the following identity holds: 

(n(i, •), Ht, •)) = (n , $(0, •)) + f ds(u(s, -),d s $(s, •)) 

Jo 

+ / ds(a h:) (s,-)u xl j (s,-) + b t (s,-)u x i(s, -),$(s, •)) 
Jo 

+ [ t ds(f(s,;u(s,-)),^(s,-))+ /V fc (d S )(a fc ( S ,-,n(s, •)),$(*,-))• 

JO JO 

(40) 

Proof. The "only if" part is trivial. To complete the proof, we proceed into 
two steps. 

Step 1: Let us prove the result in the case where 

= tp(t)<f>(x), 

with <p e C 1 ^,^) and G Cg(M d ). 

In equation (|39|) . we set t = a, multiply each term by </?'(cr) an d then inte- 
grate on (0, t) with respect to a. We obtain 

[ dap' (a) (u(a, ■),(£) 
Jo 

= <p(t) (u , 4>) - <p(0) (n , 4>) 

+ [ da<p'(a) [ ds(a % ' 3 (s,-)u x i xj (s,-) + b t (s,-)u x i(s,-),4>) 
Jo Jo 

+ / daip'(a) [ ds(f(s,-,u(s,-)),(f)) 
Jo Jo 

+ fdaip'lcr) rW k (ds)(g k (s,;u(s,.))^) 
Jo Jo 
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Set 

h = d<y(f'{a) \ ds 
Jo Jo 

x (a^is,-)^,^^, •) + W(s, -)u x i(s, ■),(/)), 

h = [ daip'(a) [ ds(f(s,-,u(s, •)),</>), 
JO Jo 

h= f day'ia) rW k (ds)(g k (s,;u(s,-)),4>), 
Jo Jo 

Integrating by parts we obtain, 

h = l[- [ ds(p{s)(a t ' : >(s, -)u x i x j(s, •) + b l {s, -)u x i(s, •),</>), 

JO 

h = l' 2 - I dstp{s)(f(s,;u(s,-)),4>), 



with 



o 

I 3 = I' 3 - f W k (dsMs)(g k (s, ■, u(s, •)), 4>) . 
Jo 



I[ = tp(t) [ ds(a hJ (s,-)u x i xj (s,-) + b l (s,-)u x i (s, ■),(/)), 
Jo 



I 2 = ( P{ t ) ds(f(s,-,u(s,-)),(j)), 



t 



= /V fc (^)(/( S ,-,n( S ,-)),0). 

J 

Thus, noticing that 

¥>(t)[K (P) + I[ + I' 2 + I'z] = <f(t)(u(t, •),</>), 

we obtain 

t ft 

da(u(a,-),d a $(a,-)) = / da<p'(a)(u(a,-),<p) 
o Jo 

¥>(t)(u(V)»0)-p(O)(«o,$ 
t 

dcr<^(o-) (a 4 J (a, si (cr, •) + 6 l (cr, -)u x i(a, ■), 



o 



+ / da<p(a)(f{a,-,u{a,-)),(j>) 
Jo 

Jo 

yielding (J3UJ). 
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Step 2: The function $ can be approximated by polynomials 

p(t,x) = J2 c ",/3 

a,P>0 

a = («i, . . . , ad), in the norm 



|$|| = sup [ |$(t,x)| + \dt$(t,x)\ + J2 14^(^)1 

|fc|<2 



t.x 



(see e.g. Kirillov and Gvishiani ^01, pag.77). Let [0,T] x K = supp<J> and 
p n be a polynomial defined for (t, x) G [0, T] x K such that ||<& — p n \\ < -. 
We have proved in Step 1 that (jlHjl holds with $ := p n . Set ip n (t,x) = 
p n (t,x) — $(t,x). We now check that the L 1 (Q) norm of any term in Q4U|) . 
when $ is replaced by ifi n (t,x), tends to as n tends to infinity. This shall 
finish the proof of the proposition. 
Indeed, let us first prove that 

lim £(|KVn(0,-))|) =0. (41) 

Assume first no:=l — 77 — | > 0. Since, 

1 



||^n(0,-)l|-no ig <ll^n(0,-)l| g <IK(0,-)ll< 



for any q £ (1, oo), Holder's inequality with - + - = 1 yields 



E 



(|(n ,Vn(0,-))|) <E( f dx\(l- A)^n (x)||(l-A)-^^n(0,x)|) 



< E (\\ u o\\n ,p) ||^»(0,-)ll-no,« 

<d, 

n 



yielding (|4*T|) . 

Assume that reo := 1 — n — | < 0. The restrictions on 77 and p yield in this 
case —no £ (0, 1). Applying the next Lemma ITT1 to -0 := ^(0, •), we obtain 

\\Mo,-)\\-n , q <c\\i; n \\ y <c^. 

Then we can proceed exactly as before and obtain (|41j) . 

Set mo = 1 — r\. Notice that too > 0. Then, as we did before for the case 

n > 0, 



E(\J ds(u(s,-),d s iP n {s,-))\) < J* dsE(\\u{s,-)\\ m0tP )\\i/} n {s,-)\l 



< C-. (42) 
n 
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As in the proof of Theorem we set n = — (1 + rj). From Lemma 5.2 |13| . 
it follows that 



E{ f ds(\\ci' j {s, -)u x i >xj {s, OH^p + \\b\s, -)u xi (i 



< oo 



\n+l,pj 



Then, since n + 1 < 0, by Lemma ^2 we obtain 



E(\ [ ds(a h:1 (s,-)u x i >x j(s,-) + tf(s,-)u x i(s,-),ip n (s,-))\) 



<c 1 -. 

n 



(43) 



Following ifTHjl . 

\\f(s,;u(s,-))\\n,p<C(\\u\\ p +\\f(s,;0)\\ niP ). 

Consequently, by virtue of l|14|) and Lemma ITT1 



E 



ds(f(s,-,u(s,-)),1p n (s,-)\) 



< / dsE(\\f(s,; U ( S ,-))\\ n , p )\\Ms 



) J\\-n,q 



< c- 



n 



(44) 



We now deal with the stochastic integral by considering the L 2 (J7)-norm. 
The isometry property of the stochastic integral yields, 



E 



oo , t 

£ / dW s k (g k (s,;u(s,-)),Ms,-)) 
k=i Jo 

°° ft / 

J2 E J ds {g k (s,-,u(s,-)),lfj n (s, 



Using Schwarz's and Holder's inequalities, this last expression is bounded 
by 

sup 11(1 - A)H n (s, -)l|x||(l - A)-fy n ( S) OH, 
se[o,T] 



x / d S ||(^|(l-A)-V( S ,-,n( S ,.))| 2 )^ 



il|2 



(see [TSj, pg. 191). 
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Hence, Lemma ITTI and the properties of g imply 

oo ft 



E 



/ dW s k (g k (s,;u(s,-)),Ms,-)) 

k=l J ° 



< C-. (45) 
n 

With the estimates (|41)) - (|45jl . we finish the proof of the proposition. ■ 

We conclude the first part of the section giving the auxiliary result that has 
been used in the proof of the preceding proposition. 

Lemma 11 For any ip G Cq ^), a G (0, 1) and q G (1, oo), 

||(1-A)^||,<C(||A^||, + |H|,). (46) 

Proof. For any t G (0, oo), x G R d , set ip t (x) = exp ( - J§£), T t ip = 

(4-rrt) 2 

if) * (ft- It is well-known (see for instance |SJ) that 

00 , e^Tttp - ip 



poo 

(1 - A) a V = C(a) / dt 
Jo 



KX+1 



where C(a) is a positive constant depending only on a. 
Fix to > 1 and set 

r°° e-*r t ^ - i> ]}q 



Ai = || / dt- 
Holder's inequality yields 



to 



t a+l 



,i, < ( / f//*" a[ - 1 V 1 / d.r 
to 

oo 



jT^rftt-^^le-^CxJI' + ^Ca;)! 9 ). 



By Young's inequality, 



SUp \\Tt1pWq < \\lp\\ q SUp = C 

te[o,T] te[o,T] 



with Co = sup Hytlli- Thus, 
te[o,T] 



for some positive constant C. 
Let us now consider the term 



a 2 =w r° dt e T j-^f. 

fa+1 Uq 
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Notice that, for any x G M. d , the mapping £ i — » e t Ttip(x) is differentiable in 
(0, to) and 



d 
dt 



(e 'T^(x)) = e * Ay? t -ip*tp t ) 
= e~*(AV> * (ft - ip * <ft) ■ 



Consequently, Young's inequality yields 



sup 

te(o,T) 



< sup ||v? t ||i 

? te[o,T] 



Therefore, Holder's inequality implies 



A 2 < [ d dx(f % BUP ||(e-^(x))|)'' 
JR d jo i te(o,T) 

JR d JO t t6(0,T) 



< sup H^lli 

te[o,T] 



S + I|a^||2) 



< c 



+ I|A«. 



Since 



||(1- A)«Vlll <C(A a + A 2 ), 

the upper bounds obtained before for Ai, ^2 give (|H))) ■ 

We want now to prove that, if {u w (t, x), (t, x) € [0, T] x R rf } satisfies the 
weak formulation in the sense of (|4U[) then, it also satisfies the mild formu- 
lation. To obtain this result, we restrict the class of operators and assume 
that C given in (j22j) is self-adjoint. 
Let us start by proving the following auxiliary result. 

Lemma 12 Fix v € Cn°(W i ), t £ [0, T]. Assume that supp v C K , for some 

i f 1 2 

compact set K C R . Fix e > and define v E £ t ' x as follows: 

v(x), if s = t, x £ R d 

dyv(y)G(t,x;s,y), ifs<t,x£K (47) 
if s >t, x £ K(e), 



v (s, x) 



0. 



w/iere = {ieR d : d(x,K) > e}. 

Then, with the assumptions of Theorem® the following identity holds 

(u W (t,-), V )= ( Uo , V \0,.))+ f t ds(f(s,;U W (s r )),V t (s,-)) 



+ 



W fc (d S )(/( S ,-,u w (s,-))V0v)). 



(48) 
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Proof. We recall that G(t, x; s, y) is of class C 1 in the variable t and C 2 
in the variable x. This implies v l £ C t '^. . Hence, v t can be taken as test 
function in (fU)|) and consequently (|4*8|) is equivalent to 

0= f l ds( U w (s,-),d s v\s,-)) 
Jo 

+ f ds(a^(s, -)u^ xJ (s, •) + b\s, .)v%(8, ■),v t (s, •)) 
Jo 

= f t ds(u w (s,-),d s v t (s,-)) 
Jo 

+ f t ds(u w (s,-),d 2 xxJ (a^(s,-)v t (s,-)) -^(^( S ,V( S ,-)). (49) 
Jo 

By the definition of u* and the properties of the fundamental solution 
G(-,*; s,y), this is equivalent to 

0= / dyv(y) [ ds(u w {s, ■),£*. G{t,-;s,y)], 

jR d Jo 

where C* is the adjoint operator of C (see Friedman pag. 26), that is 
£ 4 >(t,^) = -^- ^(a^(t t x)u(t,x))+^d^(b%x)u(t,x)). 

i,j=l i=l 

Since C is a self-adjoint operator, G is symmetric in (x,y). Consequently 
C* S) .G(t,-,s,y)=£* s ,G(t,y;s,-). 

By Theorem 15 in Friedman [7j, pag. 28, for every fixed t € [0,T], y € R , 
we have 

This finishes the proof of the lemma. ■ 

Proposition 13 With the hypotheses of Theorem^ let {u w (t, x), (t, x) E 
[0, T] xM. d } be a weak solution in the sense of Proposition^^ Then, for any 
x-a.e. 

u w (t, x) = (n , G(t, x- 0, •)) + f ds (f(s, ; u w (s, •)), G(t, x; s, •)) 

Jo 

+ f t W k (ds)(g k (s,;n W (s,-)),G(t,x; S ,-)). (50) 
Jo 

Proof. For a fixed t G [0, T], we write the expression (|40[1 with &(s,x) = 
v t (s,x), defined in ()47|). By virtue of Lemma IT21 we obtain 

(« w (V),v)=K / ^(y)G(t,-;0,y)) 

+ f ds(f(s, ■, u W (s, •)), / dyv(y)G(t, •; a, y)) 
Jo JR d 

+ f t W k (ds)(g k (s,;u w (s,-)), [ dyv(y)G(t,-,s,y)). 

Jo JR d 
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Fubini's theorem implies 

(u w (t,-),v) = I dyv(y)[(u ,G(t-,Q,y)) 

+ [ t ds(f(s,;u w (s,-)),G(t,-,s,y)) 
Jo 

+ f t W k (ds)(g k ( S ,;u w (s,-)),G(t r ;s,y))] 
Jo 

Consequently, for any x E K, a.e. with respect to Lebesgue measure, 

u w (t, x) = (n , G(t, •; 0, x)) + /' ds {f(s, ;u w (s, •)), G(t, •; s, x)) 

Jo 

+ f t W k (ds)(g k (s,;u w (s,-)),G(t,-,s,x)). 
Jo 

Since G(t,x; s,y) = G(t,y; s,x), for any s < t and x,y G M. d , and K is 

arbitrary, this is equivalent to (|50|) . Thus, the proof is complete ■ 

The next result, which is the main conclusion of this section, states that, 

if there exists a function- valued solution in the weak sense, then it must 

coincide with the mild solution. We need simultaneously the validity of the 

assumptions of Theorems and More precisely, we have the following 

theorem. 

Theorem 14 Suppose that 

1. The operator C defined in \22(l is self-adjoint and its coefficients are 
deterministic. 

2. The functions \h l : [0, T] x R d -» M, i, j = 1, • • • , d are ^-Holder 
continuous in t E [0, T], for some a E (0,1) and, for any t E [0, T], 
a lJ (t, ) belongs to the space C^(M. d ), for some (3 E (|,2), andb^t,) E 
C°^{R d ). 

3. For any A G K d , there exist K,5 > such that 

8\X\ 2 < a i ' j (t,x)X l X j < K\X\ 2 . 

4- The coefficients of Equation J2J) are predictable processes 

/,/i:Jlx[0,T]xl d xM^R. 

For some fixed p E [2, oo), the following conditions hold: 

(a) For any u, v E R, 

sup {\f(t,x,u) - f(t,x,v)\ + \h(t,x,u) - h(t,x,v)\} 

(u,t,x)&nx[0,T]xR d 

< k\u — v\. 



2S 



(b) E(ff ds\\h{s,;0)\\ p P +\\Hs,;0)\\ p P ) <oc. 



5. There exists rj £ (5,1) such that 




6. n E L p (R d ). 

T/ien u w = u M as processes in L p (Q x [0, T]; L p (M. d )). Consequently, to-a.s., 
u w (t,x) = u M (t,x), a.e. with respect to Lebesgue measure on [0, T] x W 1 . 

Remark 15 1. The above hypothesis 5 implies that H-Rwllw < °°- 

Under this condition, we have proved in Lemma\^ that \\h\\ p < C||/i|| p; 
where h(x) = \\Rn d(x — Therefore the assumption 4 (b) implies 



Jo 

(see j!4\) in Theorem^. 

2. From the relation \\ ■ \\ np < \\ ■ \\ mp , n < m, it follows trivially that 
II ' II— 1— n p < || • ||p- Thus, assumption 4 (b) implies 



3. The above remarks show that the assumptions of Theorem and of 
Theorem^ are fulfilled. Hence, the existence ofu w satisfying the weak 
formulation of equation and u M satisfying the mild formulation is 
assured. 

Notice that 





(see again \14\l in Theorem^. 





+ fw k ds ( g k (s,y,u w (s,y)G(t,x;s 



JO JR d 



y))- 



We next prove that 




(51) 
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Indeed, from the equations satisfied by u w and u M , respectively, it follows 
that 



E 
with 

Ri = E [ dt ( dx 

Jo JR d 

P 



^ dt\\u w (t, •) - u M (t, •) ||^ < C{R X + R 2 ), 



o 



ds / dy(f(s, y, u w (t, y)) - f(s, y, u M (t, y))) 



x G(t,x;s,y) 



R 2 = E [ dt [ dx 

JO JR d 

P 







W\ds) / dy(g k (s,y,u w (t,y)) - g k (s,y,u M (t,y))) 



x G{t,x;s,y) 



Following the arguments of the proof of Theorem |2l and by virtue of the 
Lipschitz assumptions on / and h, we obtain 

Ri+R 2 <C [ T dt f dsE ( [ dx\u w (s, x) - u M (s, x) 
Jo Jo \Jw. d 

We conclude by Gronwall's lemma applied to the function 
*(T) = E(£ dt\\u w (t,-)-u M (t,.W p ,) 

for T > 0. 

The conclusion of Theorem El can be strengthened assuming, for instance, 
instead of 4(b), that f(t, x, 0) = h(t, x, 0) = and no G n p >2L p ($l d ) . Indeed, 
in this case it has been proved that a.s. 

U W £ C 7l,72([ 0)T ] x R d ), 

with 7i < 72 < 1 — f]i and we can show that w-a.s. u M owns the same 
property. 
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